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Abstract 

A review of the methodologies reported in the literature is presented to 

estimate the coefficient of losses in simple pipe curves and installed in 

series with L-shape, S, U, and Z. The information is presented organized 

in chronological order and homogenized for comparison, providing the 

coefficient according to the angle of the curve, the ratio of the radius to 

the internal diameter and the Reynolds number. From this analysis, a 

summary is displayed where characteristics and parameters considered 
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in each methodology are contrasted, as well as the presentation of results 

and validity specifications. With this it has been found that different 

methodologies are available to obtain the loss coefficient, through which 

different values are obtained, which may be due mainly to inequalities in 

the material analyzed and, in the factors, adopted in the investigations. 

The most studied simple and installed series curves are of 90º angle with 

gradual condition and U-shape (180º), respectively. The most suggested 

works to estimate the coefficient in curves are those of Kirchbach (1929) 

and Ito (1959, 1960), however, the Idel'chik (1966) manual presents the 

most extensive information for all the devices studied. 

Keywords: Pipe curves, loss of energy, loss coefficient, turbulent flow, 

flow in pipes, hydraulic modeling. 

 

Resumen 

Se presenta una revisión de las metodologías reportadas en la literatura 

para estimar el coeficiente de pérdidas en curvas simples de tuberías e 

instaladas en serie con forma en L, S, U y Z. La información se expone 

organizada en orden cronológico y homogenizada para su comparación, 

proporcionando el coeficiente en función del ángulo de la curva, de la 

relación del radio con respecto al diámetro interno y del número de 

Reynolds. A partir de este análisis, se exhibe un sumario, donde se 

contrastan características y parámetros considerados en cada 

metodología, así como la presentación de resultados y especificaciones de 

validez. Con ello, se ha encontrado que se dispone de metodologías 

diferentes para obtener el coeficiente de pérdidas, mediante las cuales se 
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obtienen valores distintos, que pueden deberse principalmente a 

desigualdades en el material analizado y en los factores adoptados en las 

investigaciones. Las curvas simples e instaladas en serie más estudiadas 

son de ángulo de 90º con condición gradual y en forma-U (180º), 

respectivamente. Los trabajos más sugeridos para estimar el coeficiente 

en curvas son los de Kirchbach (1929) e Ito (1959, 1960); sin embargo, 

en el manual de Idel’chik (1966) se presenta la más amplia información 

para todos los dispositivos estudiados. 

Palabras clave: curvas de tuberías, pérdida de energía, coeficiente de 

pérdida, flujo turbulento, flujo en tuberías, modelación hidráulica. 
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Introduction 

 

 

A challenge that human beings have always had is the efficient and safe 

use of water resource at the lowest possible cost. For this, it is necessary 
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to exploit and control hydraulic energy, that is, the potential energy and 

the kinetic energy that the fluid acquires (Nasir, 2014; Yuce & Muratoglu, 

2015), establishing a direct relationship with the second law of 

thermodynamics (Herwig & Wenterodt, 2011), where it is essential to 

quantify the unusable energy (loss) to know the available hydraulic 

energy and use it in the systems (Schmandt, Iyer, & Herwig, 2014), such 

as: the pipelines in hydroelectric plants (Elbatran, Yaakob, Ahmed, & 

Shabara, 2015), the water distribution networks in populations (Yildirim 

& Singh, 2010), the irrigation systems (Sesma, Molina-Martínez, Cavas-

Martínez, & Fernández-Pacheco, 2015), the pipelines in industrial plants 

(Anaya-Durand, Cauich-Segovia, Funabazama-Bárcenas, & Gracia-

Medrano-Bravo, 2014), the distribution networks in geothermal power 

plants (Maria-Di, 2000), among others. However, there is the same 

interest in knowing the energy available in pipelines with fluids other than 

water, which are used in multiple piping systems of industrial plants 

(Perumal & Ganesan, 2016). This interest that occurs to evaluate the 

energy losses in the fluid, is due to the fact that they mainly affect the 

selection of the pipe and its diameter, as well as the pumping equipment. 

(Yoo & Singh, 2010).  

Currently, the study of energy losses is divided into friction losses 

and local losses (Liu, Xue, & Fan 2013), both of different origin, but with 

equal importance. The research focuses on the latter and specifically in 

the direction change devices known as "curves", since they are widely 

used in piping systems to adjust the direction of the ducts (Gontsov, 

Marinova, & Tananaev, 1984). However, the other changes of direction 
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called “elbows” are also widely used, but they deserve a separate review. 

(Kast, 2010; Zmrhal & Schwarzer, 2009). Finally, since pipe curves are 

widely used in hydraulic systems, various investigations have been carried 

out on the energy losses they generate, which have not stopped in recent 

years, as can be seen in the works of: Dang, Yang, Yang and Ishii (2018); 

Daneshfaraz, Rezazadehjoudi and Abraham (2018); Reghunathan, Son, 

Suryan and Kim (2019); Friman and Levy (2019); Tripathi, Portnikov, 

Levy and Kalman (2019); Du et al. (2020); Arun, Kumaresh, Natarajan 

and Kulasekharan (2020); Jia and Yan (2020). However, these recent 

investigations are based on results from computational models, which are 

generally validated against experimental results from physical models, 

the latter being the ones that will be analyzed in this study. 

Investigations of energy losses in pipe curves, as well as in other 

devices, focus particularly on estimating the loss coefficient (𝜉), however, 

despite numerous efforts in different scenarios, it has not been 

satisfactorily agreed on the results of this coefficient (Dutta & Nandi, 

2015; Ito, 1960; Kilkovsky, Jegla, & Stehlik, 2011). This leads to 

uncertainty in the choice of data and methodology to be used, adding that 

generally manuals and textbooks do not indicate the considerations 

adopted in the studies and for which types of pipes they are applicable. 

Due to such relevance, the objective of this work is to present a review of 

the investigations and methodologies reported in the literature to 

estimate the coefficient 𝜉 in pipes curves under turbulent flow, that makes 

it possible to visualize important details of the studies and a contrast of 
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their characteristics and scopes, from organized and homogenized 

information. 

 

 

 

Nature and evaluation of energy losses 

 

 

Pipes curves are used in sudden and gradual condition (Figure 1). When 

a fluid circulates through a straight conduit of constant cross section and 

crosses these devices, energy losses occur in the environment where they 

are located (Bariviera, Frizzone, & Rettore, 2014; Fuentes & Rosales, 

2004). This is a consequence of the modification of the direction of the 

flow that alters the distribution of speeds and pressures, causing the fluid 

to separate in the internal part of the curve and collide on the external 

part, which has repercussions in vortices and an increase in the pressure; 

this implies that after the curve the movement in the flow is developed in 

a spiral, up to lengths approximately 50 times the diameter of the duct  

(Chowdhury, Biswas, Alam, & Islam, 2016; Ito, 1960; Villegas-León et 

al., 2016). However, when the curve is presented gradually (Figure 1b), 

the flow disturbance phenomenon is similar to that caused by sudden 

change (Figure 1a), but it occurs to a lesser extent (Hager, 2010; Kast, 

2010; Villegas-León et al., 2016).  
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Figure 1. Behavior of the circulating flow in: a) Sudden curve. b) 

Gradual curve. 𝜃 is the angle of deflection of the curve; 𝐷 is the 

diameter of the duct; 𝑉 is the average flow velocity; 𝑟 is the radius of 

curvature with respect to the axis of the device; 𝑟𝑖 is the internal radius 

of curvature; 𝑟𝑜 is the external radius of curvature of the device; 𝐿𝑢 and 

𝐿 𝑑 are the lengths of the pipes upstream and downstream of the curve, 

respectively. 

 

According to Beij (1938), Ito (1960), Idel'chik, (1966), Yildirim and 

Sing (2010), Sotelo (2013), Acero and Rodríguez (2008), USACE (1980), 

and USBR (1985), among others, local losses are determined by the 

following general equation: 

 

ℎ𝐿 = 𝜉𝑐
𝑉2

2𝑔
  (1) 
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where ℎ𝐿 is the total hydraulic energy loss (m), which in this work will 

refer to those caused by pipe curves; 𝑔 is the acceleration of gravity 

(m/s2); 𝑉 is the average velocity of circulation (m/s), which in a change 

of direction is the one that occurs upstream of the device; 𝑉2 2𝑔⁄  is the 

charge for velocity or kinetic energy (m); and 𝜉𝐶 is the loss coefficient of 

the curve (dimensionless), which is determined experimentally. To define 

the value of the loss coefficient of a sudden curve (𝜉𝑆𝐶), generally only the 

angle 𝜃 is required, while for the loss coefficient of a gradual curve (𝜉𝐺𝐶 ), 

the angle 𝜃 and the ratio of the radius of the curve with respect to the 

diameter of the duct (𝑟 𝐷⁄ ) are demanded; however, sometimes both 

coefficients are related to the Reynolds number (𝑅𝑒), which for circular 

ducts can be expressed as: 

 

𝑅𝑒 =
𝜌𝑉𝐷

𝜇
           (2) 

 

where 𝑅𝑒 is dimensionless; 𝜌 is the density of the fluid (kg/m3); 𝑉 is the 

average velocity of the flow (m/s); 𝐷 is the diameter of the duct (m); 𝜇 is 

the dynamic viscosity of the fluid (kg/m‧s). 

Now, it is said that the energy loss in curves is compounded as 

follows (Beij, 1938; Crane Co., 1982; Ito, 1960): 

 

ℎ𝐿 = ℎ𝑐 + ℎ𝑑 + ℎ𝑓   (3) 
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in which ℎ𝑐 is the loss due to the alteration of the flow by the type of 

curve, which is obtained from the pressure head difference at the 

beginning and end of the device; ℎ𝑑 is the excessive loss in the length of 

the downstream pipe, relative to the normal friction loss; ℎ𝑓 is the friction 

loss in the length of the curve, which can be obtained using the Darcy-

Weisbach equation which is written as follows:  

 

ℎ𝑓 = 𝑓
𝐿

𝐷

𝑉2

2𝑔
   (4)  

 

where 𝐿 is the length of the pipe (m); 𝑓 is a coefficient of friction that 

depends mainly on 𝐷, the roughness of the pipe (𝜀) and 𝑅𝑒; however, 𝑓 is 

widely studied and is provided in documents on the subject, such as 

USACE (1980), Crane Co. (1982), CFE (1983), USBR (1985), nd 

Saldarriaga (2016), among others. 

On the other hand, it should be mentioned that from ℎ𝐿 the friction 

loss in the length of the curve is frequently excluded to be treated as 

such, together with the losses caused by straight sections of pipes in a 

system. In this way, the total energy loss in a curve would be as: 

 

ℎ𝐿 = ℎ𝑐 + ℎ𝑑  (5) 

 

Then, knowing the total energy loss, the loss coefficient of a curve 

is given by the following expression: 
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𝜉𝐶 =
ℎ𝐿

𝑉2

2𝑔⁄
   (6) 

 

Finally, it is important to verify whether or not the friction loss in 

the curve path is considered in ℎ𝐿, since this affects the value of the loss 

coefficient. The following section presents research results and 

methodologies reported in the literature to estimate the loss coefficient of 

pipe curves. 

 

 

Loss coefficient estimation 

 

 

This section presents an analysis of the research and methodologies 

reviewed in the literature on energy losses and the loss coefficient of pipe 

curves, where five specific cases are analyzed: the case of a simple device 

(Figure 1) and four other cases of structures formed with simple devices 

in series (one followed by another), which are classified as L-shape, S-

shape, U-shape and Z-shape (Figure 2). In the mentioned study 

scenarios, the pipe lengths will be treated as proportional to their internal 

diameters (𝐷) or to the radius of the curve (𝑟). Some cases in which 
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authors only mention the nominal diameter of the pipes (𝐷𝑛), the values 

of 𝐷 will be estimated from the values of 𝐷𝑛 indicated in Shames (1995), 

for carbon steel pipes, steel alloy pipes and stainless steel pipes. 

 

 

Figure 2. Study cases of structures with series curves: a) Z-shape, b) 

U-shape, c) L-shape and d) S-shape. 𝐿 𝑢 and 𝐿𝑑 are the lengths of the 

pipe upstream and downstream of the device, respectively; 𝐿𝑠, 𝐿𝑠𝑖 and 

𝐿 𝑠𝑗 are lengths of separation between two devices placed in series. 

 

One of the widely cited works is Beij (1938), who carried out an 

experimental investigation of the pressure loss caused by gradual curves 

of steel with 𝜃 = 90o, 𝐷𝑛 = 10.16 cm and 𝐷 = 10.23 cm; however, ℎ𝑓 

values were also obtained at 𝐿 𝑢 = 48.15𝐷 and 𝐿 𝑑 = 168.12𝐷. For this, 

tests were carried out with water in 9 horizontal curves of 9.92 ≤ 𝑟 ≤ 

204.2 (cm). Height differences pressure were evaluated in different parts 

of the system through a series of piezometers, both upstream and 



 

 

 

 

2021, Instituto Mexicano de Tecnología del Agua 

Open Access bajo la licencia CC BY-NC-SA 4.0 
(https://creativecommons.org/licenses/by-nc-sa/4.0/) 

 

Tecnología y ciencias del agua, ISSN 2007-2422, 12(4), 42-111. DOI: 10.24850/j-tyca-2021-04-02 

downstream of the device, while the velocity was estimated from the 

volumetric flow rate and the area of the cross section of the duct. With 

this, results of the coefficient of the gradual curves (𝜉𝐺𝐶 ) were obtained 

for relations of 0.97 ≤ 𝑟 𝐷⁄  ≤ 19.96 and approximate values of 0.23x105 

≤𝑅𝑒≤ 3.4x105. The 𝜉𝐺𝐶  values did not present a defined trend for 𝑅𝑒 

values, therefore average values of 𝜉𝐺𝐶  are also presented only in function 

of 𝑟/𝐷. These results are presented in a graph, where it is shown that the 

coefficient decreases from 0.37 to 0.16 and then increases from 0.16 to 

0.41, when the 𝑟/𝐷 ratio increases from 1 to 3.5 and from 3.5 to 20, 

respectively; therefore, the minimum and maximum value of 𝜉𝐺𝐶  is 0.16 

and 0.41, when 𝑟 is 3.5 and 40 cm, respectively. These values were 

compared in another graph to the data obtained experimentally by: 

Hofmann (1929), in smooth and rough curves of 𝐷 = 4.32 cm; Davis 

(1911), in curves of 𝐷 = 5.08 cm; Balch (1913), in curves of 𝐷 = 7.62 

cm; Vogel (1933), in curves of 𝐷 = 15.24, 20.32 and 25.40 cm; and by 

Brightmore (1907), in curves of 𝐷 = 7.62 and 10.16 cm. In this 

comparison of results, the values of 𝜉𝐺𝐶  are not congruent between one 

author and another. However, the maximum value of 𝜉𝐺𝐶  = 0.58 and is 

given by Balch (1913) with the relation 𝑟 𝐷⁄  = 15, while the minimum 

value of 𝜉𝐺𝐶  = 0.08 and is obtained from Hofmann (1929) in smooth pipes, 

with the relation 𝑟 𝐷⁄  = 7. 

In order to evaluate the behavior of the energy loss in the gradual 

curves of cast brass, Ito (1960) carried out experiments in devices with 

approximately values of 𝐷 = 3.5 cm and of 𝜃 = 45, 90 and 180º. The 180º 

curve is a U-shaped structure, which is formed by two series curves of 
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90º deflection, which produce an 𝐿 𝑠 = 2𝑟. The 45º curves had values of 𝑟 

= 6.42, 11.3 and 25.54 cm; the 90º curves presented values of 𝑟 = 3.52, 

6.38 and 11.42 cm; and the 180º curves were with values of 𝑟 = 6.39 

and 11.32 cm. Upstream and downstream copper pipes were coupled to 

the studied devices, with 𝐿 𝑢 = 153.8𝐷 and 𝐿 𝑑 > 71.6𝐷. For the practice, 

water at constant head was used, as well as a system of manometers to 

estimate the pressure heights at 5 points upstream of the curve and at 8 

points downstream of it. At each point, the pressure heights were 

evaluated on the right and left side on the axis of the cross section, as 

well as in the upper and lower part of it, where ℎ𝐿 = ℎ𝑐 + ℎ𝑑 was evaluated. 

Considering the above, values of 𝜉𝐺𝐶  were obtained for a range of 0.2x105 

≤ 𝑅𝑒 ≤ 4.0x105, evaluating ℎ𝑑 in values of 𝐿 𝑑 = 0, 9𝐷, 18𝐷 and >50𝐷; the 

results showed that the coefficient decreases as 𝑅𝑒 increases. Based on 

this, the author proposed equations to estimate the loss coefficient, which 

are also recommended in Lourenco and Xin (2017), which are set out 

below: 

 

For 0.25𝑅𝑒(𝑟 𝐷⁄ )-2 < 91 

 

𝜉 = 0.01746𝐾𝑓𝜃(𝑟
𝐷⁄ )  (7)  

 

For 0.25𝑅𝑒(𝑟 𝐷⁄ )-2 ˃ 91 
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𝜉 = 0.004314𝐾𝜃𝑅𝑒
−0.17 (𝑟

𝐷⁄ )
0.84

  (8) 

 

where: 𝜉 is the loss coefficient of a gradual curve (𝜉𝐺𝐶 ) and of a U-shaped 

structure (𝜉𝑈𝑆); 𝑓 is specified in Ito (1959); 𝐾 is a dimensionless coefficient 

that depends on 𝜃 and 𝑟 𝐷⁄ , which is estimated by means of a graph or 

with equations suggested by the author, which can be written as follows: 

 

If 𝜃 = 45º 

 

𝐾 = 1 + 5.126(𝑟
𝐷⁄ )

−1.47
  (9) 

If 𝜃 = 90º and 2(𝑟 𝐷⁄ ) < 19.7 

 

𝐾 = 0.95 + 4.421(𝑟
𝐷⁄ )

−1.96
  (10) 

 

If 𝜃 = 90º and 2(𝑟 𝐷⁄ ) > 19.7 

 

𝐾 = 1.0  (11) 

 

If 𝜃 = 180º 

 

𝐾 = 1 + 5.056(𝑟
𝐷⁄ )

−4.52
  (12) 
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It should be noted that, in White (2008) it is suggested to estimate 

the loss coefficient of a 90º curve, using the equation for 0.25𝑅𝑒(𝑟 𝐷⁄ )-2 ˃ 

91. On the other hand, when comparing the results for the 45º, 90º and 

U-shape curves, a good correlation was shown between the experimental 

coefficients obtained and those estimated with equation (3), when 𝐿𝑑 > 

50𝐷. However, among various graphic presentations of the results, the 

following cases stand out:  

a) The 𝜉𝐺𝐶  results of the 45º curves are compared with the values estimated 

by equation (3), the Weisbach equation (Weisbach, 1855) and the Richter 

equation (Richter, 1930). The results of the Weisbach equation 

(Weisbach, 1855) adhered to those obtained experimentally with 𝐿 𝑑 = 

18𝐷, while those determined by the Richter equation (Richter, 1930) were 

inclined to those investigated with 𝐿 𝑑 = 0.  

b) However, the values obtained for 𝜉𝐺𝐶  of the 90º curves were compared 

against the values calculated with equation (3) and the equations 

proposed by: Weisbach (1855), Richter (1930), Pigott (1950) and Pigott 

(1957). In this part, the 𝜉𝐺𝐶  values estimated with the Weisbach equation 

(Weisbach, 1855) were more congruent to those examined with 𝐿𝑑 > 50𝐷; 

those determined with the Pigott equation (Pigott, 1957) were greater 

than all; and those obtained with the equations of Richter (1930) and 

Pigott (1950), were more inclined to the coefficients with low values 𝐿𝑑. 

c) In the case of the U-shape curves, the same comparison criterion was 

used as in the 45º curves. Here, the 𝜉𝑈𝑆  values estimated using the 

Weisbach equation (Weisbach, 1855) were higher than in all cases, while 
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those determined using the Richter equation (Richter, 1930) were more 

biased on low 𝐿𝑑.  

d) On the other hand, another graph shows the experimental results of the 

loss coefficient in smooth curves with 𝑅𝑒 = 2x105 and θ = 45º, 90º and 

180º (U-shape), as a function of 𝑟 𝐷⁄  from 1 to 15; the graph is also 

indicated in White (2008) to estimate the coefficient of losses in question. 

These data are compared with the values obtained by Equations (3), the 

one proposed by Hofmann (1929) and the one suggested by Wasielewski 

(1932). The author's experimental and analytical results showed good 

correlation with those given by Wasielewski (1932), when 𝜃 = 45º, and 

also with the results estimated by Hofmann (1929), when 𝜃 = 90º. 

e) Finally, experimental results of the loss coefficient are exposed, which 

were studied in 10 copper curves with long radius, with 𝜃 = 45, 90, 135 

and 180º (U-shape), as well as with 𝑟 𝐷⁄  from 5.2 to 108 ; it is highlighted 

that they have been previously reported in Ito (1956). These results 

indicated that, as the relation 𝑟 𝐷⁄  increases for the same value of 𝜃, ℎ𝑐 

also increases and ℎ𝑑 decreases. In a graph is displayed the results of the 

coefficients 𝜉𝐺𝐶  and 𝜉𝑈𝑆  for a range of 0.1x105 ≤ 𝑅𝑒 ≤ 3.0x105, where it is 

shown that said coefficients decrease as 𝑅𝑒 rises. Furthermore, it is 

illustrated that the minimum values of the coefficients are obtained with 

𝜃 = 90º and 𝑟 𝐷⁄  = 7.6; however, the maximum values are given with 𝜃 

= 45º and 𝑟 𝐷⁄  = 108. 

Regarding commercial PVC curves, Chen-Tzu (1969) carried out an 

experimental study on the behavior of flow and energy losses in curves 

with 𝜃 = 90º and 𝑟 𝐷⁄  = 1.59. The devices used were 2 inches with 𝐷 = 
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5.25 cm, which were coupled to pipes with the same characteristics and 

lengths 𝐿 𝑢 = 100𝐷 and 𝐿 𝑑 > 36𝐷. The tests were carried out in horizontal 

and vertical curves, using different water flows with a temperature of 

approximately 21.1 oC, which produced 𝑅𝑒 from 0.282x105 to 1.86x105. 

By means of a system of piezometers, the pressures were evaluated at 

every 90º in the circumference of the cross-section, allowing to obtain the 

pressure heights on the left and right side of the pipeline axis and in the 

upper and lower part thereof; these pressures were estimated at the 

center of the curve angle and up to distances of 30𝐷 upstream of the 

device and 36𝐷 downstream. Among other results, a graph of the 𝜉𝐺𝐶  is 

presented for the horizontal and vertical direction, according to the 

variation of 𝑅𝑒. In the graph shows that in both cases, the 𝜉𝐺𝐶  decreases 

as the 𝑅𝑒 increases, but with different behavior. In the ranges 

approximated to 𝑅𝑒 < 0.57x105 and 𝑅𝑒 > 1.4x105, the 𝜉𝐺𝐶  was slightly 

higher in the vertical curve, while the 𝜉𝐺𝐶  was slightly higher in the 

horizontal case for the range of 0.57x105 < 𝑅𝑒 < 1.4x105; therefore, the 

𝜉𝐺𝐶  is the same for the horizontal and vertical curve, when 𝑅𝑒 ≈ 0.57x105 

and 1.4x105, presenting values of 0.24 and 1.8, respectively. Finally, the 

maximum values of 𝜉𝐺𝐶  in the horizontal and vertical curve were 0.35 and 

0.38, while the minimum values were 0.16 and 0.18, respectively, which 

were presented in the minimum and maximum values of 𝑅𝑒. 

More than a decade later, Turian, Hsu and Selim (1983) present an 

investigation on the loss coefficient for some devices and valves of steel 

pipes, where flows with suspended solids were used. This research is said 

to have been previously carried out by Hsu (1981), in which values of the 
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loss coefficient were obtained for sudden and gradual curves of steel with 

𝐷 = 2.54 and 5.08 cm, using different glass bead concentrates from 0 al 

50% with respect to weight. The sudden curves were 90º of deflection, 

while the gradual ones had 45, 90 and 180º (U-shape, 𝐿𝑠 = 0). The 45º 

and U-shape curves presented 𝑟 = 3.81 cm and 5.72 cm, in the smallest 

and largest 𝐷, respectively. However, the 90º gradual curves were 3.81, 

11.43, 21.59 and 31.75 cm radius for the 𝐷 minor, as well as 5.72, 22.86, 

43.18 and 63.50 cm radius for the 𝐷 major. The results are presented in 

graphs and tables, from which the following is highlighted: 

a) The percentage of solid concentration does not significantly affect the 

value of the loss coefficient in all the curves studied, tending to average 

in an asymptotic behavior. 

b) The loss coefficient for devices with 𝐷 = 2.54 cm, are presented as a 

function of the 𝑅𝑒 from 0.1 to 0.8x105, where the loss coefficient tends to 

be asymptotic from 𝑅𝑒 ≥ 0.25x105. 

c) The results of the coefficient in the devices with 𝐷 = 5.08 cm, were 

indicated with 𝑅𝑒 from 0.2 to 1.7x105, in which it was shown that said 

coefficient follows an asymptotic behavior in 𝑅𝑒 ≥ 0.4x105. 

d) In a table shows average values of the loss coefficient for devices with 𝐷 

= 2.54 cm and 5.08 cm for flows with 𝑅𝑒 ≥ 0.25x105 and 𝑅𝑒 ≥ 0.4x105, 

respectively. The coefficients of the 𝐷 minor devices were 0.94 in the 45º 

curve; 1.63 on the sudden 90º curve; the minimum of 0.80 and the 

maximum of 1.27 in gradual curves of 90º with 𝑟 = 21.59 and 3.81 cm, 

respectively; and 0.90 in U-shape curves. However, these coefficients in 
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the devices with 𝐷 greater were 0.73 in the 45º curve; 1.91 in the sudden 

90º curve; the minimum of 0.60 and the maximum of 1.13 in gradual 

curves of 90º with 𝑟 = 22.86 and 43.18 cm, respectively; and 0.92 in U-

shape curves. 

In addition to showing experimental results, Turian et al. (1983) 

mentions that the coefficient of losses in curves can be obtained through 

the equations of Ito (1959) and Ito (1960) for 0.25𝑅𝑒(𝑟 𝐷⁄ )-2 ˂ 91 and 

0.25𝑅𝑒(𝑟 𝐷⁄ )-2 ˃ 91 ( previously exposed), and also, using a table indicated 

in Crane Co. (1982). The experimental results are only contrasted against 

those of Crane Co. (1982), where notable differences were found for the 

two types of diameters; the coefficients obtained in the research were 

always higher, except for the U-shape ones, which were lower than those 

given in the literature. In this comparison of the devices with 𝐷 = 2.54 

cm, the minimum and maximum differences of the coefficients were 0.25 

in the U-shaped curve and 0.67 in the 90º curve with r = 11.43 cm, 

respectively; meanwhile, these differences in the devices with 𝐷 = 5.08 

cm were 0.03 in the U-shaped curve and 0.77 in the sudden 90º curve.  

On the other hand, Gontsov et al. (1984) carried out a laboratory 

investigation on the behavior of flow and energy loss in a horizontal curve 

with θ = 90º, using isothermal air flow. The model was built with 0.6 cm 

thick organic glass, with 𝐷 = 20.6 cm, 𝑟 𝐷⁄  = 1, 𝐿 𝑢 = 35𝐷 and 𝐿𝑑 = 25𝐷. 

The pressures in the flow and on the walls were evaluated using 

differential manometers with alcohol, considering 𝑅𝑒 values from 0.9 to 

4.0x105. The results are indicated by graphs, however, four equations are 
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also shown to obtain the 𝜉𝐺𝐶 . The first is an equation that you attribute to 

D. Al ’tshul, which is written as follows: 

 

𝜉𝐺𝐶 = [0.2 + 0.001(100𝑓)8](𝑟
𝐷⁄ )

−0.5
   (13) 

 

The second equation presented is the one reported by Ito (1960) 

and previously cited in Equation (8). The two remaining equations are 

obtained by the authors for smooth gradual curves, based on their own 

research and the results of Ito (1960). The third equation is suggested 

for 0.2x105 < 𝑅𝑒 < 4.0x105, which is explained below: 

 

𝜉𝐺𝐶 = 1.45𝑅𝑒
−0.15(𝑟

𝐷⁄ )
−0.3

  (14) 

 

 The fourth equation is recommended for 𝑅𝑒 ≥ 4.0x105, where the 𝜉𝐺𝐶  

is independent of the flow regime. This equation is written as: 

 

𝜉𝐺𝐶 = 0.21(𝑟
𝐷⁄ )

−0.3
  (15) 

 

Finally, it should be noted that the experimental values obtained 

from the loss coefficient presented a good correlation with the results 

obtained in Ito (1960), when the range of 1 ≤ 𝑟 𝐷⁄  ≤ 3 is found. 

Based on the analysis of the experimental information reported in 

the literature, in Villegas-León et al. (2016) equations are proposed for 
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𝜉𝑆𝐶 and 𝜉𝐺𝐶 , which generate average values from the values obtained from 

the coefficient with the methodologies considered. In the case of sudden 

curves, the methodologies indicated in CFE (1983), Miller (1990), Sotelo 

(2013) and USACE (1980) were selected, on which the following 

expression was obtained: 

 

𝜉𝑆𝐶 =
0 .0031960558+0.0030444516 (𝜃)

1−0.014390831 (𝜃)+0.00006719314 (𝜃)2  (16) 

 

It is indicated that the previous equation is valid for values of 0 < 𝜃 

≤ 90o. On the other hand, the methodologies of CFE (1983), Miller (1990), 

Sotelo (2013), SARH (1984), USACE (1980) and USBR (1985) were used 

on gradual curves, from which the following equation was obtained: 

 

𝜉𝐺𝐶 =
𝐴+𝐶𝜃

𝐵
   (17) 

 

where: 𝐴, 𝐵 and 𝐶 are coefficients that depend on the relation 𝑟 𝐷⁄  and 

are determined by the following equations: 

 

𝐴 = −0.0573379 + 0.00496834(𝑟
𝐷⁄ ) − 0.00001716(𝑟

𝐷⁄ )
3

+
0.07867083

(𝑟
𝐷⁄ )

0.5 −
0.066727

𝑒(𝑟
𝐷⁄ )

  (18) 
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𝐵 = 0.20495202 + 0.05446522(𝑟
𝐷⁄ ) − 0.08723377(𝑟

𝐷⁄ )
0.5

ln(𝑟
𝐷⁄ ) −

 
0.45002930 ln(𝑟

𝐷⁄ )

(𝑟
𝐷⁄ )

−
0.25130468

(𝑟
𝐷⁄ )

2   (19) 

 

𝐶 = −0.01383436 − 0.01385106(𝑟
𝐷⁄ ) + 0.00051449(𝑟

𝐷⁄ )
2

+

 0.04504019ln(𝑟
𝐷⁄ ) +

0.08991395

𝑒
(𝑟

𝐷⁄ )   (20) 

 

It is established that these equations for the gradual condition are 

valid under the ranges of 1 ≤ 𝑟 𝐷⁄  ≤ 10 and 5 ≤ 𝜃 ≤ 90o. 

Now, in the remaining paragraphs, various methods are presented 

to estimate the loss coefficient of pipe curves, which are suggested in 

manuals and books on the subject, based on the author's own experiences 

and/or on the results of other researchers, without showing details of the 

experimental developments.  

In Gibson's document (Gibson, 1930), it is said that the first energy 

loss experiments in pipe curves were carried out by Weisbach (1855), 

using steel pipes with 𝐷 = 3.175 cm. From these experiments and others, 

he proposed the following equations for the sudden and gradual curves: 

 

𝜉𝑆𝐶 = 0.946 sin2 𝜃

2
+ 2.05 sin4 𝜃

2
   (21) 

 

𝜉𝐺𝐶 = [0.000222 + 0.000276(𝑟
𝐷⁄ )

−3.5
] 𝜃  (22) 
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The first equation, which is for the sudden curve coefficient, is also 

suggested for elbows of the same condition. Additionally, tabulated values 

of 𝜉𝐺𝐶  are presented, which are derived from Brightmore (1907) results 

for cast iron curves with 𝐷 = 7.62 and 10.16 cm, 𝑟 𝐷⁄  from 2 to 10 and 

velocities from 1.52 to 3.05 m/s. These results did not show a well-defined 

behavior before the variation of 𝑟 𝐷⁄  and the flow velocity, however, for 

the two diameters studied, the minimum and maximum values can be 

assumed to be presented at 𝑟 𝐷⁄  = 10 and 2, respectively. In the curves 

with 𝐷 = 7.62 cm, the lowest and highest coefficients were approximately 

0.22 and 0.43, while for 𝐷 = 10.16 cm, they were 0.23 and 0.38, 

respectively. Finally, values of the loss coefficient in curves are also 

presented, estimated from Schoder (1908) research on wrought iron 

devices, which presented a 𝐷𝑛 = 6 inches, an estimated 𝐷 of 15.4 cm and 

𝑟 𝐷⁄  ratios of 1.34 to 20. The values are shown in a table as a function of 

𝑟 𝐷⁄  and three different speeds, 1.52, 3.05 and 4.88 m/s. In this case, the 

behavior of the coefficient was oscillatory, but taking into account the 

average of the speeds, it presented the minimum value of 0.27 in 𝑟 𝐷⁄  = 

5 and 10, while the maximum value was 0.45 in 𝑟 𝐷⁄  = 1.34.  

 Now, Daugherty and Ingersoll (1954) establish that in gradual curves 

with θ = 90º, the loss coefficient is obtained by means of Pigott's equation 

(Pigott, 1950), which is written as follows: 

 

𝜉𝐺𝐶 = 0.106(𝑟
𝐷⁄ )

−2.5
+ 2𝑓2.5  (23) 
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Since the value of 𝑅𝑒 affects 𝑓, it implies that it also influences 𝜉𝐺𝐶 . 

Finally, it is indicated that in curves with 𝜃 ≠ 90º, the value of 𝜉𝐺𝐶  is 

approximately proportional to the value of 𝜃. That is to say, in a 45 and 

180º curve, the value of 𝜉𝐺𝐶  is 50 and 200%, respectively, over the value 

obtained with the previous equation. 

In the Idel’chik manual (Idel’chik, 1966), extensive information on 

energy losses in the devices under study is presented, where it is 

established that the total loss is made up of the local loss and the friction 

loss along the curves. On friction losses, the author provides a series of 

equations, tables and graphs to obtain the coefficient 𝑓, however, it will 

not be abundant in this. Regarding local losses (equation 1), a range of 

equations, tables and graphs are presented, which are obtained from the 

experimental results of various authors. According to this information, the 

following cases were classified for simple curves and series curves: 

a) If the curves are simple, gradual and with smooth surfaces (ε ≈ 0), which 

comply with 0 < 𝜃 ≤ 180º, 𝑟 𝐷⁄  ≥ 0.5 and 𝑅𝑒 ≥ 2x105, the loss coefficient 

is obtained under the Abramovich equation (Abramovich, 1935): 

 

𝜉𝐺𝐶 = 𝛿𝛼  (24) 

 

in which 𝛿 and 𝛼 are coefficients that depend on 𝜃 and 𝑟 𝐷⁄ , respectively, 

which are estimated from graphs and tables established by Nekrasov 

(1954), based on the investigations of Idel'chik (1953), Evdomikov 

(1940) and own. There the coefficient 𝛿 increases from 0 to 1.4, when 𝜃 
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increases from 0 to 180º, while 𝛼 decreases from 1.18 to 0.17, when 𝑟 𝐷⁄  

increases from 0.5 to 1.5, respectively. However, the following equations 

are also established to estimate the coefficients 𝛿 and 𝛼: 

 

If 𝜃 ≤ 70º: 

 

𝛿 = 0.9 sin 𝜃  (25) 

 

If 𝜃 = 90º: 

 

𝛿 = 1.0  (26) 

 

If 𝜃 ≥ 100º: 

 

𝛿 = 0.7 + 0.0039𝜃  (27) 

 

If 0.5 ≤ 𝑟 𝐷⁄  ≤ 1.0: 

 

𝛼 = 0.21(𝑟
𝐷⁄ )

−2.5
  (28) 

 

If 𝑟 𝐷⁄  ˃ 1.0, 

 

𝛼 = 0.21(𝑟
𝐷⁄ )

−0.5
  (29) 
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b) When the curves are simple and gradual, with rough surfaces (𝜀 ˃ 0), 

short 𝑟, 0 < 𝜃 ≤ 180º and 0.5 < 𝑟 𝐷⁄  ≤ 1.5, to drive flows with 𝑅𝑒 ≥ 

0.03x105, the coefficient is estimated with the following equation: 

 

𝜉𝐺𝐶 = 𝛿𝛼𝜆1𝜆2  (30) 

 

where the coefficients 𝛿 and 𝛼 are determined according to what is 

indicated in a); 𝜆1 and 𝜆2 are coefficients that are estimated by tables 

based on 𝑅𝑒, 𝑟 𝐷⁄  and 𝜀 𝐷⁄ . 𝜆1 and 𝜆2 can increase from 45𝑓 to 1.0 and 1.0 

to 2.0, respectively, as the value of the parameters that govern them also 

increase. 

c) If the curves are simple and gradual, with rough surfaces (𝜀 ˃ 0), long 𝑟, 

0< 𝜃 ≤ 180º and 1.5 ˂ 𝑟 𝐷⁄  ≤ 50, where flows with 𝑅𝑒 ≥ 0.03x105 are 

presented, the 𝜉𝐺𝐶  is also determined with equation (30), but now the 

author provides new tables and graphs to estimate the coefficients 𝛿, 𝛼, 

𝜆1 and 𝜆2. There the coefficient 𝛿 can increase from 0 to 1.4, when 𝜃 

increases from 0 to 180º, while 𝛼 decreases from 0.21 to 0.30, when 𝑟 𝐷⁄  

increases from 1 to 50, respectively. However, the coefficients 𝜆1 and 𝜆2 

increase from 64𝑓 to 1.0 and from 1.0 to 2.0, respectively, as the value 

of 𝑅𝑒 and 𝜀 𝐷⁄  also increases. 

d) In the case of simple and gradual curves with smooth surfaces (𝜀 ≈ 0), 

long 𝑟, 0 < 𝜃 ≤ 90º and 𝑟 𝐷⁄  ≫ 1.5, to drive flows with 50 ˂ 𝑅𝑒 ˂ 0.2x105, 

the local loss coefficient includes the coefficient resistance to the total 

friction of the curve, therefore it should not be evaluated separately. In 
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this case, the 𝜉𝐺𝐶  must be estimated under the Aronov (1950) equation, 

which is based on the results of Adler (1934), White (1929) and own; this 

equation is written as follows:  

 

𝜉𝐺𝐶 = 0.0175𝑓(𝑟
𝐷⁄ )𝜃  (31) 

 

where 𝑓 is obtained through tables and graphs as a function of 𝑟 𝐷⁄  and 

𝑅𝑒. In such data, the value of 𝑓 decreases as its governing parameters 

increase. The maximum value of 𝑓 is 0.34, when 𝑟 𝐷⁄  = 3.1 and 𝑅𝑒 = 400, 

while its minimum value is 0.029, when 𝑟 𝐷⁄  = 100 and 𝑅𝑒 = 0.2x105. On 

the other hand, three equations are also provided to estimate 𝑓, which 

were obtained by Aronov (1950), from the results of the aforementioned 

investigations which when substituting them in the previous equation, the 

following occurs: 

 

If 50˂ 𝑅𝑒(𝐷 2𝑟⁄ )0.5 ≤600: 

 

𝜉𝐺𝐶 = 0.31𝜃𝑅𝑒
−0.65 (𝑟

𝐷⁄ )
0.825

  (32) 

 

If 600˂ 𝑅𝑒(𝐷 2𝑟⁄ )0.5 ≤1 400: 

 

𝜉𝐺𝐶 = 0.1557𝜃𝑅𝑒
−0.55(𝑟

𝐷⁄ )
0.775

  (33) 
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If 1400˂ 𝑅𝑒(𝐷 2𝑟⁄ )0.5 ≤5000, 

 

𝜉𝐺𝐶 = 0.0723𝜃𝑅𝑒
−0.45(𝑟

𝐷⁄ )
0.725

   (34) 

 

e) On the other hand, a graph is presented to estimate the coefficient of 

losses in simple curves of sudden condition and with 90º of deflection, 

which is applicable both for curves with 𝑟𝑖 = 0 and 𝑟𝑜 ≥ 0, and in curves 

with 𝑟𝑖 ≥ 0 and 𝑟𝑜 = 0. In the case that 𝑟𝑜 = 0, the 𝜉𝑆𝐶 is greater than when 

𝑟𝑖 = 0. The approximate minimum and maximum values that this 

coefficient can take with 𝑟𝑜 = 0 are 1.1 and 1.38, when 𝑟𝑖 𝐷⁄  is 1.1 and 

2.1, respectively; while with 𝑟𝑖 = 0 it can take the values of 0.18 and 1.1, 

when 𝑟𝑜 𝐷⁄  is 1.2 and 0, respectively. 

f) When there is a simple curve or elbow, with a sudden condition (𝑟 𝐷⁄  = 

0), smooth surfaces (𝜀 ≈ 0) and 0< 𝜃 ≤ 180º, which conducts flows with 

𝑅𝑒 ≥ 0.4x105, the loss coefficient must be determined by Abramovich's 

equation (Abramovich, 1935), which is written as follows: 

 

𝜉𝑆𝐶 = 𝛿1𝛿2  (35) 

 

where 𝛿1 and 𝛿2 are coefficients that depend on 𝜃. 𝛿1 is obtained from 

tables and graphs with data from Richter (1930), Richter (1936) and 

Schubart (1929), where its value decreases from 3.0 to 1.2, when 𝜃 

increases from 10 to 90º, respectively, while when 90 < 𝜃 ≤ 180º, the 

value 𝛿1 remains constant at 1.2. However, the value of 𝛿2 is obtained from 
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tables and graphs with data from Weisbach (1855) or, by means of an 

equation proposed by this author, which, when replaced in the previous 

equation, adopts the following structure: 

 

𝜉𝑆𝐶 = 𝛿1 (0.95 sin2 𝜃

2
+ 2.05 sin4 𝜃

2
)  (36) 

 

g) If the curve or elbow are simple, with a sudden condition (𝑟 𝐷⁄  = 0), with 

rough surfaces (𝜀 ˃ 0) and 0 < 𝜃 ≤ 180º, which conducts flows with 𝑅𝑒 ≥ 

300, the coefficient must be estimated by the following equation: 

 

𝜉𝑆𝐶 = 𝛿1𝛿2𝜂1𝜂2  (37) 

 

in which 𝛿1 and 𝛿2 are determined according to what is indicated in f); 𝜂1 

and 𝜂2 are coefficients that are determined in tables based on the value 

of 𝜀 𝐷⁄  and 𝑅𝑒. The coefficient 𝜂1 can increase from 45𝑓 to 1.0, when the 

value of 𝑅𝑒 increases, while 𝜂2 can increase from 1.0 to 1.5, when the 

values of 𝜀 𝐷⁄  and 𝑅𝑒 increase. 

h) If two series curves of gradual condition are presented, with smooth 

surfaces (𝜀 ≈ 0) and 𝑟 𝐷⁄  ≥ 0.5, forming a structure in the form of L, U or 

Z, to conduct flows with 𝑅𝑒 ≥ 2 x 105, the coefficient of losses is 

determined by the following equation: 

 

𝜉𝐺𝐶 = 𝐾 [𝛿𝛼 + (0.2
𝐿𝑠−2𝑟

𝐷
+ 0.0007

𝑟

𝐷
𝜃)]  (38) 
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where the coefficients 𝛿 and 𝛼 are determined according to what is 

indicated in a); 𝐾 is a coefficient that depends on the relationship 

(𝐿𝑠 − 2𝑟) 𝐷⁄ , which is estimated using tables obtained from the results of 

Haase (1953). In the case of the L and Z shapes, the coefficient 𝐾 

decreases from 2.5 to 2.0 and from 3.0 to 2.0, respectively, when the 

relationship (𝐿𝑠 − 2𝑟) 𝐷⁄  increases from 0 to ≥1.0. However, in the case of 

the U-shape, this coefficient increases from 1.4 to 2.0, when the relation 

(𝐿𝑠 − 2𝑟) 𝐷⁄  increases from 0 to ≥ 1.0. 

i) Finally, when two gradual curves are presented in series, with rough 

surfaces (𝜀 ˃ 0) and 𝑟 𝐷⁄  ≥ 0.5, establishing a structure in the form of L, 

U or Z, to conduct flows with 𝑅𝑒 ≥ 0.03x105, the coefficient of losses is 

determined by the following equation: 

 

𝜉𝐺𝐶 = 𝐾 [𝛿𝛼𝜆1𝜆2 + (0.2
𝐿𝑠−2𝑟

𝐷
+ 0.0007

𝑟

𝐷
𝜃)]  (39) 

 

in which the coefficients 𝛿, 𝛼, 𝜆1 and 𝜆2, are obtained as indicated in part 

b) and c) for relations 0.5< 𝑟 𝐷⁄  ≤1.5 and 1.5< 𝑟 𝐷⁄  ≤50, respectively; 

and the coefficient 𝐾 is estimated according to what is established in 

section h). 

On the other hand, King, Wisler and Woodburn (1980) recommend 

tabulated values to estimate the 𝜉𝐺𝐶 , with 𝜃 = 90º and 1 ≤ 𝑟 𝐷⁄  ≤ 20, 

which are obtained from the results of Beij (1938); these results are 

shown graphically in Brater, King, Lindell and Wei (1996), and it is also 

indicated that in turbulent flow the value of 𝑅𝑒 does not significantly affect 
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the 𝜉𝐺𝐶 . In these data the value of 𝜉𝐺𝐶  decreases from 0.35 to 0.16, when 

𝑟 𝐷⁄  increases from 1 to 4, while later it increases from 0.16 to 0.42, when 

𝑟 𝐷⁄  takes values from 4 to 20, respectively. This indicates that the 

minimum value of 𝜉𝐺𝐶  = 0.16 is originated at 𝑟 𝐷⁄  = 4, while the maximum 

value of 0.42 is presented at 𝑟 𝐷⁄  = 20. Finally, it is established in a very 

general way that, in gradual curves with 𝜃 = 45 and 180º, the value of 

𝜉𝐺𝐶  can be determined by means of 50% and 125%, respectively, of the 

values given for the curve with 𝜃 = 90º.  

 The USACE manual (USACE, 1980) presents what was established by 

Anderson (1947) to estimate the coefficient of losses in gradual and 

sudden curves, where the following is framed: 

a) Regarding gradual devices, it is argued that Hofmann (1929) and 

Wasielewski (1932) established that the 𝜉𝐺𝐶  is independent for 𝑅𝑒 > 2x105. 

Under this context, a graph with results from Wasielewski (1932) is 

recommended to estimate the 𝜉𝐺𝐶  with smooth surfaces, 𝑅𝑒 = 2.25x105, 

1 ≤ 𝑟 𝐷⁄  ≤ 10 and values of 0 < 𝜃 ≤ 90º; this graph is also suggested by 

Sotelo (2013). There, in general, the coefficient increases as the value of 

𝜃 increases, but decreases as the ratio 𝑟 𝐷⁄  increases. However, the 

coefficient increases constantly and takes the same value in any relation 

𝑟 𝐷⁄  for the angles 𝜃 from 0 to 25º, while if 𝑟 𝐷⁄  takes values of 4, 6 and 

10, the coefficient decreases as 𝜃 = 65, 70 and 50º, respectively. It is 

also illustrated that the maximum value of 𝜉𝐺𝐶  = 0.20 and occurs at 𝑟 𝐷⁄  

= 1 and 𝜃 = 70º, while the minimum value is zero for any value of 𝑟 𝐷⁄ , 

when 𝜃 = 0º.  
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b) In addition, the same graph presents fit curves on the results of 

Wasielewski (1932), which USACE (1980) recommends to obtain the 𝜉𝐺𝐶  

as a function of 1.5 ≤ 𝑟 𝐷⁄  ≤ 10 and 0 < 𝜃 ≤ 90º. According to this 

criterion, the 𝜉𝐺𝐶  does not show fluctuations and increases as the angle 𝜃 

increases, while it decreases with increasing 𝑟 𝐷⁄ . Also, the minimum 

values are zero when 𝜃 = 0º, while the maximum is 0.16 when 𝑟 𝐷⁄  = 1.5 

and 𝜃 = 90º.  

c) Finally, if the devices are sudden, USACE (1980) and Sotelo (2013) also 

recommend a graph with results from Kirchbach (1929) and Schubart 

(1929) to estimate the 𝜉𝑆𝐶, based on the ranges 0.2 ≤ 𝑅𝑒 ≤ 2.5x105 and 

0 ≤ 𝜃 ≤ 90º. In this graph, the coefficient increases as 𝜃 increases, while 

it decreases when 𝑅𝑒 increases. The minimum and maximum values of 𝜉𝑆𝐶 

are presented at 𝜃 = 0o and 90º, espectively, for any value of 𝑟 𝐷⁄ ; the 

minimum values are zero, while the maximum values are 1.12. 

Another document that is cited in the literature to determine the 

coefficient of losses in pipe curves is the Crane Co. (1982) manual, where 

the Pigott (1950) values are recommended to obtain the 𝜉𝐺𝐶  of steel pipes, 

with 𝜃 = 90º, 𝐷 approximately 2.0 to 25.4 cm and 𝑟 𝐷⁄  = 1, 2 and 3. These 

data reveal that the coefficient decreases in relation to the increase in 𝐷, 

taking approximate values from 3.8 to 1.8, from 3.3 to 1.1 and from 3.5 

to 1.25, when 𝑟 𝐷⁄  is equal to 1, 2 and 3, respectively, which indicates 

that the maximum values are obtained with 𝑟 𝐷⁄  = 1, while minimum 

values with 𝑟 𝐷⁄  = 2. In addition, the results of Beij (1938) for the 𝜉𝐺𝐶 , are 

also presented, which were discussed in USACE (1980). However, if the 

90º curves are steel and flanged or with butt weld ends, a table is 
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recommended to estimate the 𝜉𝐺𝐶 , based on the 𝑟 𝐷⁄  ratio of 1 to 20. In 

this table, the coefficient decreases from 20𝑓 to 12𝑓 and increases to 50𝑓, 

when 𝑟 𝐷⁄  takes values of 1, 2-3 and 20, respectively, presenting the 

minimum values in 𝑟 𝐷⁄  from 2 to 3. Also, it is specified that for a curve 

with 𝜃 = 180o (U-shape, 𝐿 𝑠 = 0), the 𝜉𝐺𝐶  = 50𝑓. Finally, a table with results 

from Kirchbach (1929) is recommended to estimate the coefficient in 

sudden curves of steel with 𝜃 from 0 to 90º, where the 𝜉𝑆𝐶 increases from 

2𝑓 to 60𝑓, respectively. 

 In SARH (1984) a table is suggested to estimate the coefficient of 

losses of gradual curves with 𝜃 = 90º, where the 𝜉𝐺𝐶  is governed by the 

relation 𝑟 𝐷⁄  in the range from 1 to 10. In this table the 𝜉𝐺𝐶  decreases from 

0.52 to 0.18, when 𝑟 𝐷⁄  increases from 1 to 6, while later it increases from 

0.18 to 0.20 as 𝑟 𝐷⁄  increases from 6 to 10. However, if the curve is with 

𝜃 ≠ 90º, the value of the 𝜉𝐺𝐶  obtained will be proportional to a factor, 

which is estimated from a second table as a function of 𝜃; this factor 

increases from 0.20 to 1.30 according to the increase of 𝜃 from 10 to 

180º, respectively. Lastly, it is commonly said, if the curve is sudden, the 

𝜉𝑆𝐶 can take values from 0.7 to 1.0, depending on the magnitude of 𝜃.  

 On the other hand, Pashkov and Dolqachev (1985) establish that in 

gradual curves with 𝐷 ≤ 3.0 cm, the loss coefficient can be obtained from 

a table only as a function of 𝜃, where the value of 𝜉𝐺𝐶  increases from 0.20 

to 1.10, as 𝜃 increases from 30 to 90º. However, if the curve is sudden, 

the coefficient is obtained by the following expression: 
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𝜉𝑆𝐶 = 𝜉90 (1 − cos 𝜃)  (40) 

 

where 𝜉90 is the loss coefficient of a sudden 90º curve, which is estimated 

from a table as a function of 𝐷, in which 𝜉90 decreases from 1.70 to 0.83, 

according to the increase in 𝐷 from 2.0 to 4.9 cm, respectively. 

In the design of small dams, USBR (1985) recommends the graph 

previously discussed in Beij (1938) to determine the loss coefficient of a 

90º gradual curve. However, in this graph this author includes an 

adjustment curve to obtain the 𝜉𝐺𝐶  according to the relation 𝑟 𝐷⁄ . There 

the coefficient decreases from 0.25 to 0.07 when 𝑟 𝐷⁄  increases from 1 to 

4, respectively, then it remains constant at 0.07 when 𝑟 𝐷⁄  goes from 4 to 

10. On the other hand, if the curve presents a 𝜃 ≠ 90º, corrects the value 

obtained from 𝜉𝐺𝐶  in proportion to a factor obtained from a graph as a 

function of 𝜃. This factor increases from 0 to 1.12, when 𝜃 increases from 

0 to 120º, respectively. 

 On the other hand, Simon (1986) suggests an equation to estimate 

the coefficient of losses of gradual curves, which can be written as follows: 

 

𝜉𝐺𝐶 = [0.13 +
0.1635

(𝑟
𝐷⁄ )

3.5] (
𝜃

180
)

0.5

  (41) 

 

Additionally, if the curve occurs suddenly, it is indicated that the 

loss coefficient is obtained using the following expression: 
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𝜉𝑆𝐶 = 67.6𝑥10−6(𝜃)2.17  (42) 

  

 The above equation is also recommended to estimate the loss 

coefficient in sudden elbows. 

On the other hand, according to Trueba (1986), the loss coefficient 

of a sudden curve is obtained through the following equation: 

 

𝜉𝑆𝐶 = 0.25 (
𝜃

90
)

0.5

   (43) 

 

where the angle 𝜃 must be from 0 to 90º.  

According to Miller (1990), in the case of gradual curves that 

present smooth surfaces, relations 𝐿𝑑 𝐷⁄  ≥ 30 and values of 𝑅𝑒 = 10x105, 

the 𝜉𝐺𝐶  must be obtained from a graph as a function of 0.5 ≤ 𝑟 𝐷⁄  ≤10 and 

10 ≤ 𝜃 ≤ 180º; this graph is also suggested in CFE (1983) and Hager 

(2010). There various curves are exposed to obtain the 𝜉𝐺𝐶 , where it takes 

a minimum value of 0.02 and a maximum of 1.0. It is also shown that for 

any value of 𝜃, the coefficient decreases as the relation 𝑟 𝐷⁄  increases, 

originating the minimum values with 𝑟 𝐷⁄  between 1.0 and 3.0; from 

there, the value of 𝜉𝐺𝐶  increases as 𝑟 𝐷⁄  also increases, but it fails to reach 

values like when 𝑟 𝐷⁄  ˂ 1.0, where the maximum values are obtained for 

any value of 𝜃. However, if smooth walls or the values mentioned for 𝐿 𝑑 𝐷⁄  

and 𝑅𝑒, Miller (1990) and CFE (1983) establish that the loss coefficient 

obtained from the aforementioned graph must be corrected as follows: 
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𝜉𝐺𝐶 = 𝜉1 𝐶𝑅𝑒
𝐶𝐿𝑑

𝐶𝜀   (44) 

 

where 𝜉1 is the loss coefficient obtained from the graph for smooth pipes 

with relation 𝐿 𝑑 𝐷⁄  ≥ 30 and values of 𝑅𝑒 = 10x105; 𝐶𝑅𝑒
, 𝐶𝐿𝑑

 and 𝐶𝜀 are 

correction coefficients for 𝑅𝑒 ≠ 10x105, 𝐿 𝑑 𝐷⁄  ˂ 30 and roughness on the 

device walls, respectively. In the case of the coefficient 𝐶𝑅𝑒
, when 𝑟 𝐷⁄  ≥ 

1.0 or 𝜉1 ˂ 0.4, this coefficient is obtained from a graph in relation to 𝑟 𝐷⁄  

≥ 1 and 0.1 ≤ 𝑅𝑒 ≤ 100x105, where the value of 𝐶𝑅𝑒
 decreases as the 

parameters that govern it increase. However, when 𝑟 𝐷⁄  ˂ 1.0 the value 

𝐶𝑅𝑒
 must be determined with the following equation: 

 

𝐶𝑅𝑒
=

𝜉1

𝜉1 −0.2𝐶𝑅𝑒1 +0.2
  (45) 

 

where 𝐶𝑅𝑒1 is the correction coefficient for 𝑅𝑒 ≠ 10x105 when 𝑟 𝐷⁄  ≥ 1.0 or 

𝜉1 ˂ 0.4 (discussed previously). On the other hand, the coefficient 𝐶𝐿𝑑
 is 

determined from a graph based on the coefficient 𝜉1 and the relationship 

𝐿 𝑑 𝐷⁄ , where its maximum values are presented in 𝐿 𝑑 𝐷⁄  = 0, while its 

minimum values occur in 𝐿𝑑 𝐷⁄  from 1 to 4. Finally, if 𝑟 𝐷⁄  ≥ 1.0 and 𝑅𝑒 ≤ 

10x105, the coefficient 𝐶𝜀 is determined as follows: 

 

𝐶𝜀 =
𝑓𝑅

𝑓𝐿
  (46) 

 



 

 

 

 

2021, Instituto Mexicano de Tecnología del Agua 

Open Access bajo la licencia CC BY-NC-SA 4.0 
(https://creativecommons.org/licenses/by-nc-sa/4.0/) 

 

Tecnología y ciencias del agua, ISSN 2007-2422, 12(4), 42-111. DOI: 10.24850/j-tyca-2021-04-02 

where 𝑓𝑅  and 𝑓𝐿 are coefficients of resistance to friction in rough pipe and 

hydraulically smooth pipe, respectively. However, if 𝑟 𝐷⁄  ≥ 1.0 and 𝑅𝑒 ˃ 

10x105, the 𝐶𝜀 is obtained with the previous equation, but obtaining the 

coefficients 𝑓𝑅  and 𝑓𝐿 with 𝑅𝑒 = 10x105. 

 Finally, if the curve is sudden, Miller (1990) and CFE (1983) indicate 

that the 𝜉𝑆𝐶 is determined with the same procedure as for the gradual 

curve. For this, a graph is recommended to estimate the 𝜉𝑆𝐶 as a function 

of 5 ≤ 𝜃 ≤ 120º, which applies to smooth pipes with 𝐿𝑑 𝐷⁄  ≥ 30 and 𝑅𝑒 = 

10x105; otherwise, the coefficient must be corrected in the same way to 

the gradual condition. In this graph, the 𝜉𝑆𝐶 increases from 0.02 to 1.5, 

as the value of 𝜃 increases from 5 to 120º, respectively. 

 Based on Franzini and Finnemore (1999), a graph is presented to 

estimate the coefficient of losses in gradual curves with 𝜃 = 90º, where 

𝜉𝐺𝐶  is governed by 𝑟 𝐷⁄  and 𝜀 𝐷⁄ ; it should be noted that these results do 

not include friction loss in the curve. This graph shows that 𝜉𝐺𝐶  increases 

as the ratio 𝜀 𝐷⁄  increases for any value of 𝑟 𝐷⁄ . However, the coefficient 

decreases and increases for each value of 𝜀 𝐷⁄ , when 𝑟 𝐷⁄  takes values 

from 1 to 7 and from 7 to 10, respectively, presenting the minimum values 

in 𝑟 𝐷⁄  = 7 and the maximum values in 𝑟 𝐷⁄  = 1. Therefore, the minimum 

value is 0.08 at 𝜀 𝐷⁄  = 0 and the maximum is 0.90 at 𝜀 𝐷⁄  = 0.01. Finally, 

it is openly recommended that for curves with 𝜃 = 22.5 and 45º, the 𝜉𝐺𝐶  

is approximately 40 and 80% of the estimated value for a curve with 𝜃 = 

90º. 

 Mays (2001) recommends a table to estimate the loss coefficient in 

gradual curves with smooth surfaces and 𝜃 = 45 and 90º, as a function 
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of 𝑟 𝐷⁄ . In the 45º curves the 𝜉𝐺𝐶  decreases from 0.10 to 0.09, when 𝑟 𝐷⁄  

increases from 1 to 2, then increases from 0.09 to 1.20 as 𝑟 𝐷⁄  increases 

from 2 to 6. However, in the 90º curves the 𝜉𝐺𝐶  decreases 0.35 to 0.16 

and then increases from 0.16 to 0.21, when 𝜉𝐺𝐶  increases from 1 to 4 and 

from 4 to 6, respectively. Finally, it is indicated that in sudden 90º curves, 

the 𝜉𝑆𝐶 can take a value of 1.10, which is quite general. 

For his part, Albers (2010) proposes a graph to estimate the 𝜉𝐺𝐶  if 

𝜃 = 90º, which is also applicable for elbows. There the 𝜉𝐺𝐶  decreases as 

𝑟 𝐷⁄  increases, reaching a maximum and minimum value of 1.0 and 0, 

when 𝑟 𝐷⁄  approaches 0 and 8, respectively. On the other hand, it is 

indicated that for a curve with 𝜃 = 45, 135 and 180º, the value obtained 

of the 𝜉𝐺𝐶  in the graph for 𝜃 = 90o, will be proportional to 0.5, 1.5 and 

2.0, respectively. 

Hager (2010), in addition to proposing the Miller (1990) graph for 

𝑅𝑒 = 10x105, also suggests another graph to estimate the 𝜉𝐺𝐶  with 𝑅𝑒 ≥ 

10x105, which is also suggested in Ito (1960) and Blevins (1984). In this 

graph the 𝜉𝐺𝐶  can be obtained for 𝜃 = 45, 90 and 180º, as a function of 

0.5 ≤ 𝑟 𝐷⁄  ≤ 10. Although this graph is represented differently, the 

behavior of the 𝜉𝐺𝐶  is similar to that mentioned in Miller (1990). For 𝜃 = 

45, 90 and 180º, the minimum values of 𝜉𝐺𝐶  are approximated to 0.09, 

0.14 and 0.18, when 𝑟 𝐷⁄  = 1.5, 2.5 and 2.0, respectively; while the 

maximum values are close to 0.25, 0.6 and 0.6, when 𝑟 𝐷⁄  = 0.5, 0.65 

and 0.75, respectively. On the other hand, if 𝑅𝑒˂10x105, the 𝜉𝐺𝐶  obtained 

in the mentioned graph, must be multiplied by (10x105/𝑅𝑒)
1/6. 
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Based on Kast (2010), a graph made with experimental results is 

recommended to estimate the 𝜉𝐺𝐶  with smooth or rough surfaces, 1 ≤ 𝑟 𝐷⁄  

≤ 10 and 15 ≤ 𝜃 ≤ 180º, which conduct flows with 𝑅𝑒 ≥ 1x105. This graph 

shows that the 𝜉𝐺𝐶  for smooth surfaces increases as the 𝜃 also increases, 

while with respect to 𝑟 𝐷⁄  it presents different behaviors. For example, 

when the angle 𝜃 = 15 and 30º, the 𝜉𝐺𝐶  remains constant near 0.03 and 

0.06, respectively, for any value of 𝑟 𝐷⁄ . However, when 𝜃 = 45º, the 𝜉𝐺𝐶  

decreases as 𝑟 𝐷⁄  increases, taking maximum and minimum values of 0.14 

and 0.07 for 𝑟 𝐷⁄  = 1 and 10, respectively. Furthermore, if 𝜃 = 90º, the 

𝜉𝐺𝐶  presents a maximum value of approximately 0.22 at 𝑟 𝐷⁄  = 1, from 

where it decreases to a minimum value of close to 0.09 at 𝑟 𝐷⁄  = 6.5, then 

increases again to approximately 0.11 when 𝑟 𝐷⁄  = 10. Now if 𝜃 = 180º, 

the coefficient decreases from 0.32 to 0.13, then increases to 0.15 and 

decreases again until the minimum value of 0.11, finally increasing to 

0.15; these values are presented when 𝑟 𝐷⁄  is 1, 2.8, 4, 6.5 and 10, 

respectively. Finally, it is shown that for rough curves with 𝜃 = 90º, the 

behavior of 𝜉𝐺𝐶  is similar, but with greater magnitude than that of smooth 

curves with the same 𝜃. Said coefficient decreases from the maximum 

value of 0.50 to the minimum value of 0.18, from where it increases to 

0.20; this occurs when 𝑟 𝐷⁄  = 1, 6.5 and 10, respectively. On the other 

hand, another graph is also exposed to obtain the 𝜉𝐺𝐶  with smooth 

surfaces, 𝜃 = 90º, 2.26 ≤ 𝑟 𝐷⁄  ≤ 11.71 and 20 ≤ 𝑅𝑒 ≤ 2x105. In this it is 

shown that the 𝜉𝐺𝐶  decreases as the 𝑅𝑒 increases for any relation 𝑟 𝐷⁄ , 

presenting the maximum and minimum value close to 100 and 0.14, when 

𝑅𝑒 = 20 and 2x105, respectively. However, for 250 ≤ 𝑅𝑒 ≤ 900, the value 
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of 𝜉𝐺𝐶  remains constant near 2.0. Finally, information is suggested in 

tables of the loss coefficient for standard curves or elbows in rough 

conditions with 𝜃 = 90º, both for bolted connections and those made of 

cast iron. For bolted connection devices with 𝑟𝑖 = 0 and 𝑟𝑜 ≥ 0, as in curves 

with 𝑟𝑖 ≥ 0 and 𝑟𝑜 = 0, a table is recommended for 𝐷 from 1.4 to 4.9 cm, 

where the 𝜉𝑆𝐶 decreases from 1.2 to 0.51, from the 𝐷 minimum to 

maximum, respectively. Now, if the sudden curves are made of cast iron, 

Herning's (1966) data is recommended for 𝐷 from 5 to 50 cm, where the 

coefficient increases from 1.3 to 2.2, as the minimum 𝐷 increases to the 

maximum, respectively. 

Menon and Menon (2010) present a table to estimate the loss 

coefficient of standard sudden curves, as a function of 0 ˂ 𝜃 ≤ 90º and 𝐷 

from 0.92 to 59.05 cm (𝐷𝑛 from 0.5 to 24 inches ≈ from 1.27 to 60.96 

cm), without taking into account the value of 𝑅𝑒. In this table it is indicated 

that the 𝜉𝑆𝐶 increases as the value of 𝜃 increases, while it decreases when 

the value of 𝐷 increases. Therefore, the minimum value of 𝜉𝑆𝐶 = 0.02, 

when 𝜃 ≈ 0º and 𝐷 = 60.96 cm, while the maximum is 1.62, when 𝜃 = 

90º and 𝐷 = 1.27 cm. 

In the document by Mataix (2010), tabulated values of the loss 

coefficient are recommended, which are applicable in gradual curves and 

elbows with 𝜃 = 90º. The value of 𝜉𝐺𝐶  is smaller as the ratio 𝑟 𝐷⁄  increases; 

the maximum value of the coefficient is 0.80 when 𝑟 𝐷⁄  ≈ 0, while the 

minimum value is 0.16 with 𝑟 𝐷⁄  = 1.0. 

Regarding Munson, Okiishi, Huebsch and Rothmayer (2013), it is 

established that the loss coefficient of a curve or elbow with 𝜃 = 90º, can 
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be estimated by means of a graph as a function of 𝜀 𝐷⁄  and 𝑟 𝐷⁄ , with 

ranges from 0 to 0.01 and 1 to 10, respectively. In this graph, it is 

indicated that for any value of 𝜀 𝐷⁄ , the 𝜉𝐺𝐶  decreases when 𝑟 𝐷⁄  goes from 

1 to 7, where it reaches the minimum values, then increases until 𝑟 𝐷⁄  = 

10 without exceeding the maximum values that occur at 𝑟 𝐷⁄  = 1. 

Therefore, in this case the minimum value of 𝜉𝐺𝐶  ≈ 0.06, when 𝜀 𝐷⁄  ≈ 0 

and 𝑟 𝐷⁄  = 7, while the maximum value is 0.95 at 𝜀 𝐷⁄  = 0.01 and 𝑟 𝐷⁄  = 

1.    

According to Sotelo (2013), it is established that the loss coefficient 

of a gradual curve with rough surfaces is determined by the following 

equation: 

 

𝜉𝐺𝐶 = 𝐶𝑎
𝜃

90
   (47) 

 

where 𝜃 can be from 0 to 90º; 𝐶𝑎 a is a coefficient is estimated with a 

graph of results Hofmann (1929) for flows with 𝑅𝑒 ≥ 2x105, where it is a 

function of the relations 𝑟 𝐷⁄  and 𝜀 𝐷⁄ , from 1 to 10 and 0 to 0.002, 

respectively. In this graph, the value of 𝐶𝑎 grows as the relation 𝜀 𝐷⁄  

increases for any value of 𝑟 𝐷⁄ ; however, in all the 𝜀 𝐷⁄  relationships, this 

coefficient decreases and then increases, as 𝑟 𝐷⁄  increases from 1 to 7 and 

from 7 to 10, respectively. Therefore, the minimum value of 𝐶𝑎 occurs at 

𝑟 𝐷⁄  = 7 and 𝜀 𝐷⁄  ≈ 0, while the maximum at 𝑟 𝐷⁄  = 1 and 𝜀 𝐷⁄  = 0.002.  

In Gülich (2014) an equation is suggested to calculate the loss 

coefficient in a sudden curve, which is shown below: 
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𝜉𝑆𝐶 = 1.2 (
𝜃

90
)

2

   (48) 

 

where 𝜃 can take values from 0 to 90º. On the other hand, an equation is 

also suggested to estimate the loss coefficient of gradual curves, which is 

written as follows: 

 

𝜉𝐺𝐶 = 𝐶𝜀
0.23

(𝑟
𝐷⁄ )

𝑥 √
𝜃

90
   (49) 

 

in which 𝐶𝜀 is a roughness coefficient that is equal to unity on smooth 

surfaces, while on rough surfaces with 𝜀 𝐷⁄  ˃ 0.001 and 𝑅𝑒 ˃ 0.4x105, said 

coefficient is equal to 2; 𝑥 is an exponent whose value is 2.5 and 0.5, 

when 0.5 ≤ 𝑟 𝐷⁄  ≤ 1.0 and 𝑟 𝐷⁄  ˃ 1.0, respectively. 

 

 

Summary of methodologies for 𝝃𝑪 

 

 

The Table 1 shows a summary of the methodologies discussed in the 

previous section, to estimate the coefficient of losses in simple curves 
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installed in series with Z-shape, U-shape, L-shape and S-shape, where 

they are indicated important characteristics and the parameters 

considered in each one of them. 

 

 Table 1. Characteristics and parameters considered to estimate the 

loss coefficient in the analyzed methodologies. 

Ref. 

(source) 

Used 

fluid 
Material 

D 

(cm) 
r/D 

θo o 

shape 

Re  

(x105) 

Lu/Ld  

(xD) 
Observations 

Brightmore 

(1907) 
Water Steel 

7.62 

10.16 
2.5 to 10 90 I NS Graphics of ξGC 

Davis 

(1911) 
Water Steel 5.08 

5.0 to 

20.5 
90 I NS Graphics of ξGC 

Balch 

(1913) 
Water Steel 7.62 7.0 to 20 90 I NS Graphics of ξGC 

Hofmann 

(1929) 
Water Steel 4.32 1.0 to 10 90 I NS 

ξGC graphics 

for smooth and 

rough surfaces 

Gibson 

(1930) 

Weisbach 

(1855) 

Brightmore 

(1907) 

Water 

Steel, 

wrought 

and cast 

iron 

3.17 

7.62 and 

10.16 

15.40 

- 

2.0 to 10 

1.34 to 

20 

 

90 I NS 

Equations (21-

22) and tables 

for ξSC and ξGC 
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Schoder 

(1908) 

 

Vogel 

(1933) 
Water Steel 

15.24 

20.32 

25.40 

1.0 to 

3.0 
90 I NS Graphics of ξGC 

Beij 

(1938) 
Water Steel 10.23 

0.97 to 

19.96 
90 

0.23 to 

3.4 

48.15/ 

168.12 

Tables and 

graphs of ξGC,  

Dn = 4 in, 

results 

compared 

with: 

Brightmore 

(1907) 

Davis  

(1911) 

Balch 

(1913) 

Hofmann 

(1929) 

Vogel 

(1933) 
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Daugherty e 

Ingersoll 

(1954) 

Pigott 

(1950) 

Water NS NS AV 
0 to 

180 
If NS 

Equation (23) 

for gradual 

curves that 

depends on f. 

Ito 

(1956) 
Water 

Cast 

brass 
3.5 

28.4 and 

108 

7.6 to 

29.2 

5.8 and 

9.05 

5.2 and 

7.4 

45 

90 

135 

U 

0.1 to 

3.0 
NS 

ξGC graphs for 

long radius 

curves and 

smooth 

surfaces 

Ito 

(1960) 
Water 

Cast 

brass 
3.5 

1.84 to 

7.3 

1.0 to 

3.3 

1.84 and 

3.26 

45 

90 

U 

0.2 to 

4.0 

153.8/ 

>71.6 

Graphs and 

equations (7-

12) of ξGC of Re 

for smooth 

surfaces. 

Results 

compared 

with: Weisbach 

(1855) 

Hofmann 

(1929) 

 Richter (1930) 
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Wasielewski 

(1932) 

Pigott (1950) 

Pigott (1957) 

Idel’chik 

(1966) 

Abramovich, 

(1935) 

Nekrasov 

(1954) 

Idel’chik 

(1953) 

Evdomikov 

(1940) 

NS NS NS 

≥0.5 

0.5 to 

1.5* 

1.5 to 

50* 

0 to 

180(U) 

≥ 2.0 

≥ 0.03* 

≥ 0.03* 

NS 

Tables, graphs 

and equations 

(24-30) of ξC, 

for smooth and 

rough 

surfaces* 

Idel’chik 

(1966) 

Aronov 

(1950) 

Adler 

(1934) 

White 

(1929) 

NS NS NS ≫1.5 
0 to 

90 

0.0005 

to 0.2 
NS 

Tables, graphs 

and equations 

(31-34) of ξC 

for smooth 

surfaces 

Idel’chik 

(1966) 
NS NS NS 0 

0 to 

180 

≥0.4 

≥0.003* 
NS 

Tables, graphs 

and equations 

(35-37) of ξSC 

for smooth and 
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Abramovich, 

(1935)  

Richter 

(1930) 

Richter 

(1936) 

Weisbach 

(1855) 

Schubart, 

(1926)  

rough 

surfaces* 

 

Idel’chik 

(1966) 

 

NS NS NS 
≥0.5 

 

L 

U 

Z 

≥2.0 

≥0.03* 
NS 

Tables, graphs 

and equations 

(38-39) of ξGC 

for smooth and 

rough surfaces 

* 

Chen-Tzu 

(1969) 
Water PVC 5.25 1.59 

90H* 

90V** 

0.28 to 

1.86 
30/36 

Graphs of ξGC, 

T = 21.1 oC, 

study of 

horizontal (H) 

and vertical 

(V) curves 

King et al. 

(1980); 

Brater et al. 

(1996)  

NS NS NS 1 to 20 

45 

90 

180 

≥2.0 NS Tables of ξGC  
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Beij (1938) 

USACE 

(1980); 

Sotelo 

(2013) 

Anderson, 

(1947) 

Hofmann 

(1929) 

Wasielewski 

(1932) 

Kirchbach 

(1929) 

Schubart 

(1929)  

Water NS NS 
1 to 10 

0* 

0 to 

90 

≥2.0 

0.2 to 

2.25* 

NS 
Graphs of ξGC 

and ξSC* 

Crane Co. 

(1982) 

Pigott 

(1950) Beij 

(1938) 

Kirchbach, 

(1929) 

Water Steel 
1.27 to 

60.96 
1.0 to 20 

90 

180 

0 to 

90* 

I NS 

Tables and 

graphs of ξSC* 

and ξGC. Steel 

and flanged 

end devices 

Turian et al. 

(1983) 

Hsu (1981) 

Water-

Solids 
Steel 

2.54 

5.08 

1.0 to 

8.33 

90-S 

45 

90-G 

0.1 to 

0.8 
NS 

Tables and 

graphs ofξSC 

and ξGC. Flow 

of water with 



 

 

 

 

2021, Instituto Mexicano de Tecnología del Agua 

Open Access bajo la licencia CC BY-NC-SA 4.0 
(https://creativecommons.org/licenses/by-nc-sa/4.0/) 

 

Tecnología y ciencias del agua, ISSN 2007-2422, 12(4), 42-111. DOI: 10.24850/j-tyca-2021-04-02 

1.0 to 

11.1 

U 0.2 to 

1.7 

glass beads. 

Results 

compared with 

Crane Co. 

(1982) 

Gontsov et 

al. (1984) 
Air 

Organic 

Glass 
20.6 1.0 90 

0.9 to 

4.0 
35/25 

Tables and 

equations (13-

15) of ξGC for 

smooth 

surfaces. 

Results 

compared with 

Ito (1960) 

SARH 

(1984) 
Water NS NS 1.0 to 10 

0 to 

180 
I NS Tables of ξGC.  

Pashkov y 

Dolqachev 

(1985) 

NS NS ≤3.0 I 
0 to 

180 
I NS 

Tables of ξGC 

and equation 

(40) of ξSC* 

USBR 

(1985) 

Beij (1938) 

Water Steel NS 1 to 10 
0 to 

120 
I NS Graphics of ξGC 

Simon 

(1986) 
NS NS NS 

AV 

0* 

0 to 

180 
I NS 

Equations (41-

42) of ξSC* and 

ξGC. 
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Trueba 

(1986) 
NS NS NS 0 

0 to 

90 
I NS 

Equation (43) 

of ξSC 

Miller 

(1990); 

CFE (1983) 

NS NS NS 
0.5 to 10 

0* 

10 to 

180 

5 to 

20* 

0.1 to 

100 

NS / 

≥0 

Graphs and 

equations (44-

46) of ξGC and 

ξSC* for 

smooth and 

rough 

surfaces. 

Corrections for 

Re, Ld and ε 

are 

considered. 

Franzini & 

Finnemore 

(1999) 

NS NS NS 1.0 to 10 

22.5, 

45 and 

90  

I NS 

Graph of ξGC, 

where it is also 

governed by 

ε/D 

Mays 

(2001) 
NS NS NS 

1.0 to 

6.0 

45 and 

90 

90* 

I NS 

Table of ξGC 

and ξSC* for 

smooth 

surfaces 

Albers 

(2010) 
NS NS NS 0 to 8.0 

45, 

90, 

135 

and 

180 

I NS 

Graph of ξGC. It 

is also 

applicable for 

elbows. 
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Hager 

(2010) 

Miller 

(1990) 

Ito (1960) 

Blevins 

(1984) 

NS NS NS 0.5 to 10 
45 to 

180 

≥10, 

˂10 
NS Graphics of ξGC 

Kast 

(2010) 
NS Iron 

1.4 to 

50* 

1.0 to 10 

0* 

15 to 

180 

0 to 

90* 

≥0.04 NS 

Tables and 

graphs ofξSC* 

and ξGC for 

smooth and 

rough 

surfaces. 

Tables of ξSC* 

are also 

exposed for ri 

≥ 0 and ro ≥ 0 

Menon y 

Menon  

(2010) 

NS NS 
0.92 to 

59.05 
0 

0 to 

90 
I NS 

ξSC tables for 

standard 

curves 

Mataix 

(2010) 
NS NS NS 0 to 1.0 90 I NS 

ξSC tables that 

are also 

applicable in 

elbows 
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Munson et 

al. 

(2013) 

NS NS NS 1.0 to 10 90 I NS 

ξSC tables that 

are also 

applicable in 

elbows, where 

it is also 

governed by 

ε/D 

Sotelo 

(2013) 

Hofmann, 

(1929) 

NS NS NS 1.0 to 10 
0 to 

90 
≥2.0 NS 

Graph and 

equation (47) 

of ξSC  for rough 

surfaces, 

where it is also 

governed by 

ε/D 

Gülich 

(2014) 
NS NS NS 

0* 

≥0.5 

0 to 

90 
I NS 

Equations 

(48*-49) of 

ξSC* and ξGC for 

smooth and 

rough surfaces 

Villegas-

León et al. 

(2016) 

NS NS NS 
0* 

1.0 to 10 

0 to 

90* 

5 to 

90 

I NS 

Equations (16-

20) of ξSC* and 

ξGC 

NS = not specified, I=independent of its value, AV =any value is valid, If = implicit in 

the value of the coefficient f 
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The above table allows contrasting the fluids and types of materials 

of the curves used in the investigations of the loss coefficient in curves, 

the considered values of 𝐷, 𝑟 𝐷⁄ , 𝜃, 𝑅𝑒, 𝐿 𝑢 and 𝐿𝑑, as well as observations 

of the results presented. These data indicate that the fluid most used in 

the tests is water and that the type of material most analyzed is steel and 

iron. It can also be observed that investigations have been carried out up 

to 𝐷 ≈ 60 cm (Crane Co., 1982; Menon & Menon, 2010), but most have 

been in small 𝐷 close to 10 cm (4 inches). The largest investigated 𝑟 𝐷⁄  

relationship is 108 cm (Ito, 1956), however, the most analyzed is in the 

range 𝑟 𝐷⁄  ≤ 10. Regarding the angle 𝜃 and type of shape, it is noted that 

the most studied curves they are of gradual condition with 𝜃 = 90º and 

U-shaped structures with 𝐿 𝑠 = 0; from the values obtained from the loss 

coefficient with 𝜃 = 90º, some authors such as Franzini and Finnemore 

(1999), and Albers (2010), recommend inferring values for different 

angles, which can lead to large errors in the estimation of losses of 

energy. On the other hand, it is illustrated which methodologies consider 

the value of 𝑅𝑒, its validity range and which ones consider it independent 

to obtain the coefficient of the curves; a factor that is important to 

estimate a coefficient that is closer to reality, since in documents such a 

Turian et al. (1983), Kast (2010) and Hager (2010), it can be noticed that 

it affects its value in a decreasing way as 𝑅𝑒 increases. Another important 

parameter that is confronted is up to which value of 𝐿𝑑 the energy losses 

were analyzed, since it has been shown that up to approximately 𝐿 𝑑 = 

50𝐷 (Ito, 1956; Ito, 1960), it still affects the energy loss caused by the 

curves of pipes. In the last column important observations are presented, 
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where it is indicated which coefficient is determined (𝜉𝑆𝐶, 𝜉𝐺𝐶 ), the form of 

presentation of results (graphs, tables or equations), as well as for which 

type of surfaces they are valid (smooth or rough). Finally, it should be 

noted that several methodologies do not refer to the type of material and 

diameter used in the studies, which implies using them in a general way, 

and may differ substantially in actual losses. 

 

 

Conclusions 

 

 

 A literature review of experimental research and reported methodologies 

was carried out, which allow estimating the coefficient of losses in curves 

of pipes under turbulent flow with sudden and gradual conditions, which 

can be presented in a simple way and installed in series, to form 

structures with shapes type L, S, U and Z. From this, organized and 

homogenized information was presented, which facilitates comparing the 

scope of the methodologies, as well as the behavior of the loss coefficient 

before the parameters govern it. 

 Through research and the methodologies analyzed in the literature, 

different values of the loss coefficient are obtained in the devices studied, 

which may be due to differences adopted in the experiments, such as: the 
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device's manufacturing material, the roughness height of the interior 

walls, diameter, radius of curvature, deflection angles, temperature and 

flow velocities, type of fluid used, types of connection, accuracy of 

measuring devices, and lengths of upstream and downstream pipes down 

the devices. However, all these characteristics allow a choice more in line 

with a particular case, of the methodology or the values to be used in 

estimating the loss coefficient. 

 The loss coefficients reported in pipe curves may or may not include 

friction loss over the length of the curve (ℎ𝑓), affecting the value of the 

coefficient and even more so when the devices have a long radius of 

curvature. In addition to this, the distance considered downstream of the 

device for the evaluation of the loss due to flow disturbance (ℎ𝑑), also 

influences the loss coefficient, which has been shown that 𝐿𝑑 can reach 

up to 50𝐷. 

 In the investigations it was shown that the loss coefficient has dependence 

on the angle 𝜃, the relation 𝑟 𝐷⁄ , the value of 𝑅𝑒 and the relation 𝜀 𝐷⁄ . 

However, often in literature methodologies, the coefficient is only 

reported as a function of 𝜃 and 𝑟 𝐷⁄ , but the most excluded parameter is 

surface roughness or the 𝜀 𝐷⁄  ratio. In general, the coefficient of losses 

increased according to the increase in 𝜃 and 𝜀 𝐷⁄ , but a decrease in relation 

to the growth of 𝑅𝑒. In the gradual condition devices, the coefficient 

increased as the ratio 𝑟 𝐷⁄  decreased, while, in the four forms with curves 

in series, the coefficient increased according to the increase in the 

separation length between the devices (𝐿𝑠). 



 

 

 

 

2021, Instituto Mexicano de Tecnología del Agua 

Open Access bajo la licencia CC BY-NC-SA 4.0 
(https://creativecommons.org/licenses/by-nc-sa/4.0/) 

 

Tecnología y ciencias del agua, ISSN 2007-2422, 12(4), 42-111. DOI: 10.24850/j-tyca-2021-04-02 

 The most studied devices and of which more information on the loss 

coefficient is presented, are the curves with 𝜃 = 45, 90 and 180º. 

However, the most researched of them due to its frequent use is the 

device with 𝜃 = 90º, in which some authors infer the loss coefficient for 

curves of 45 and 180º of deflection. Regarding the material of the device, 

the direction changes with the most research are those of steel, while the 

least analyzed are the modern ones (plastic, molded and forged), which 

tend to provide lower values of the loss coefficient due to their low 

roughness. 

 Finally, it is concluded that the information from the works of Ito (1959, 

1960) is the most suggested in the literature to estimate the loss 

coefficient in gradual devices, while in sudden devices the data is 

recommended more frequently from the work of Kirchbach (1929). 

However, where it provides extensive information on the loss coefficient 

of all the devices studied with respect to their dependent parameters, is 

in the resistance manual by Idel’chik (1966). 
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